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Abstract. It is known that magnetic perturbations can mitigate edge localized
modes (ELMs) in experiments, for example MAST (Kirk et al 2013 Nucl. Fusion 53
043007 ). One hypothesis is that the magnetic perturbations cause a three dimensional
corrugation of the plasma and this corrugated plasma has different stability properties
to peeling-ballooning modes compared to an axisymmetric plasma. It has been
shown in an up-down symmetric plasma that magnetic perturbations in tokamaks will
break the usual axisymmetry of the plasma causing three dimensional displacements
(Chapman et al 2012 Plasma Phys. Control. Fusion 54 105013). We produce a free
boundary three-dimensional equilibrium of a lower single null MAST relevant plasma
using VMEC (S P Hirshman and J C Whitson 1983 Phys. Fluids 26 3553). The
current and pressure profiles used for the modelling are similar to those deduced from
axisymmetric analysis of experimental data with ELMs. We focus on the effect of
applying n = 3 and n = 6 magnetic perturbations using the RMP coils. A midplane
displacement of over ±1 cm is seen when the full current is applied. The current
in the coils is scaned and a linear relationship between coil current and midplane
displacement is found. The effect of this non-axisymmetric equilibrium on infinite n
ballooning stability is investigated using COBRA ( R Sanchez et al 2000 J. Comput.
Phys. 161 576-588). The infinite n ballooning stability is analysed for two reasons; it
may give an indication of the effect of non-axisymmetry on finite n peeling-ballooning
modes, responsible for ELMs; and infinite n ballooning modes are correlated to kinetic
ballooning modes (KBMs) which are thought to limit the pressure gradient of the
pedestal (Snyder et al 2009 Phys. Plasmas 16 056118). The equilibria with midplane
displacements due to RMP coils have a higher ballooning mode growth rate than the
axisymmetric case and the possible implications are discussed.
Submitted to: Nuclear Fusion
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1. Introduction
It is well known that edge localized modes (ELMs) need to be controlled in ITER because
they may limit the lifetime of the machine [1]. There are several possible strategies for
controlling ELMs such as pellets or vertical kicks but we focus on in vessel resonant
magnetic perturbation (RMP) coils here which produce a non-axisymmetric magnetic
perturbation to the plasma. It has been demonstrated in many machines that this can
either mitigate (i.e. increase the frequency of ELMs and reduce the peak heat flux) or
suppress (i.e. remove ELMs completely) ELMs depending on toroidal mode number,
parity and target plasma [2]. In MAST ELMs have been mitigated in connected double
null configuration (CDN) with n = 3 and in lower single null (SND) with n = 4 and
n = 6 [2].
The magnetic perturbations are not axisymmetric and it has been shown on MAST
that when the magnetic perturbations are applied the plasma gains a non-axisymmetric,
three dimensional character. Non-axisymmetry has been observed experimentally in
MAST where the outboard miplane gains a corrugation [3] and also at the X-point where
the plasma forms lobe structures which are characteristic of the homoclinic tangle [2].
The effect of non-axisymmetric fields has been seen experimentally or modelled for
several machines, see for example [4–7] .
The stability of the non-axisymmetric equilibria to infinite n ballooning modes is
of interest for two reasons. First, although the ELM is thought to be linked to finite
n peeling-ballooning modes the infinite n results should give an indication of the effect
of non-axisymmetry on the stability of finite n modes. The calculation of finite n
stability in stellarator geometry is quite numerically heavy especially for tight aspect
ratio experiments, such as MAST. Secondly, the stability of infinite n ballooning modes
correlates well with the stability of the kinetic ballooning modes (KBMs) which are
thought to limit the gradient of the edge pedestal [8, 9].
The analysis of equilibrium and stability with the magnetic perturbations applied
has until recently been based on axisymmetric models. However, many of the
assumptions behind these models rely on symmetry arguments and these models may
therefore not capture the full physics. It fact axisymmetric intuition may hinder our
understanding. We must understand if three dimensional effects are important in ELM
mitigation or suppression with RMPs. Non-axisymmetry is a much more difficult
problem than axisymmetry and so non-axisymmetric models should only be used if
they are necessary.
There are a number of approches to studying non-axisymmetric plasmas as
discussed in [10]. The approaches can be categorized as either linear or nonlinear
and either dynamic evolution or nearby equilibrium. Linear, dynamic evolution codes
generally take an axisymmetric equilibrium with a non-axisymmetric perturbation to
find the linearly perturbed state, codes include MARS-F [11]. Quasi-linear terms such
as torques on the plasma can be included, as in MARS-Q [12]. Nonlinear, dynamic
evolution codes seek to find saturated states of the equations, examples include M3D-
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C1 [13] and NIMROD [14]. However, these codes have a significant run time possibly
requiring tens of thousands of CPU-hours for a single result [10]. The nearby equilibrium
approach can be linear such as IPEC [15] or nonlinear, which is the approach we use
here. There are several codes, developed by the stellarator community, which look at
this problem. We will use the VMEC here [16, 17] which assumes nested flux surfaces.
Codes such as SPEC [18], SIESTA [19] or HINT2 [20] do not make this assumption and
so magnetic islands can form in these codes.
In section 2 we will use free boundary VMEC [16, 17] to calculate a non-
axisymmetric equilibrium for a MAST relevant case with and without RMPs. We then
impose magnetic perturbations with scans in current for the toroidal mode number
n = 3 case. The stability of these equilibria is investigated in section 3 using the
COBRA code [21] which calculates the infinite n ballooning stability of the equilibrium.
We will discuss the results and give conclusions in section 4.
2. Equilibrium
We calculate the plasma equilibrium using the free boundary VMEC and the plasma
poloidal and toroidal field coils, assuming no error field. We then apply RMPs to this
equilibrium to find the new non-axisymmetric equilibrium.
2.1. VMEC
Axisymmetric plasma equilibrium can be reduced to solving the Grad-Shafranov
equation, which is a partial differential equation, with given pressure and current
profiles. The loss of axisymmetry in general means that there is no longer such a
partial differential equation. The approach used by VMEC to find plasma equilibria is
minimization of the total plasma energy
W =
∫ (
B2
2µ0
+
p
γ − 1
)
d3x, (1)
where p is the plasma pressure, B is the magnetic field, and γ is the adiabatic index.
VMEC does not allow solutions that contain magnetic islands or ergodic regions, only
nested flux surfaces. It may be that ergodic regions or magnetic islands are important in
the physics of ELM control with magnetic perturbations however we do not investigate
these effects here.
VMEC does not include the effects of rotation or any shielding of the magnetic
perturbation. The perturbation is assumed to be fully penetrated. However, VMEC is
solving the non-linear equilibrium problem.
2.2. Axisymmetric equilibrium
The aim of this paper is to show the effect of applying non-axisymmetric fields to
tokamak plasmas. The pressure and safety factor profiles used here are shown in Figures
1 and 2. They are realistic profiles typical of an axisymmetric reconstruction using EFIT,
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Figure 1. Safety factor profile used in VMEC for the cases with and without RMP
coils.
which includes constraining the reconstructed equilibrium with magnetics, Thomson
Scattering, motional Stark effect and D
α
light at the boundary [22], for a lower single
null (LSND) plasma. The plasma boundary for this equilibrium is shown in Figure 3.
2.3. 3D Equilibrium
We now turn on the magnetic perturbation coils and look at the response of the plasma.
MAST has an upper and lower row of magnetic perturbation coils [2]. However, for the
LSND plasma the response is dominated by the lower row of coils because they are so
much closer to the plasma and the perturbation field falls very quickly with distance
from the coils. We focus on the cases where the lower coils have been applied in n = 3
and n = 6 configurations. The qualitative results for other configurations are similar.
Figure 4 shows the location of the outer flux surface located on the magnetic
axis plane. The solid line shows the result without the RMP coils switched on. The
n = 12 variation is due to the toroidal field ripple. This ripple is too small to be
seen experimentally. The dash-dot line shows the case with the lower RMP coils on in
n = 3 configuration. The plasma gains an n = 3 toroidal corrugation of over ±1 cm.
The dotted line shows the case with the lower RMPs on in n = 6 configuration. The
corrugation is smaller in amplitude but it is n = 6 in character.
Figure 5 shows a poloidal section of the plasma without the RMP coils on (solid
line) and with the RMP coils on in different toroidal locations (dotted and dash-dotted
lines) . The difference between the coils on and coils off case has been multiplied by five
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Figure 2. Pressure profile used in VMEC. This is a representative pressure profile for
a LSND plasma in MAST.
0.5 1 1.5
−1
−0.5
0
0.5
1
R
Z
Figure 3. A poloidal section of the plasma boundary computed using the pressure
and safety factor profiles above.
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Figure 4. Location of the outer flux surface on the magnetic axis plane with RMP
coils off (solid); lower RMP coils on n = 3 (dash-dot); and lower RMP coils on n = 6
(dotted).
to make the difference more visible. The plasma gains helical perturbations especially
on the low field side. The high field side is relatively unaffected. The plasma has found
a new lower energy state which has this helical structure. The RMP coils have made a
‘saturated external kink-like’ state favourable over the axisymmetric case.
2.4. Coil current scans
The current in the RMP coils has been increased in steps of a quarter of the maximum,
1.4kA, as shown in figure 6. The corrugation increases linearly with the current in the
coils and no threshold current is observed. This is consistent with these corrugations
being an ideal MHD effect just arising from the magnetic field perturbation. If resistivity,
field penetration and shielding effects are included there would likely be a threshold effect
as is seen in the experimental data on the length of the lobes at the X-point [23].
3. Stability
The three dimensional equilibrium alone is not sufficient to understand the effect of
RMPs on ELMs. ELMs are thought to be driven by peeling-ballooning modes [24] which
are intermediate n modes. However, we do not calculate peeling-ballooning stability of
these equilibria here, although this is a future objective. Instead we calculate the infinite
n stability to gain a first approximation to the likely effect on the finite n stability. ELMs
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Figure 5. A poloidal cut through the plasma. The solid line is the unperturbed case.
The dotted and dash-dotted lines are different toroidal locations with the RMP coils
on in n = 3 configuration. The difference between the perturbed and unperturbed
cases has been multiplied by five to aid the eye.
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Figure 6. Location of the outer flux surface on the magnetic axis plane with RMP
coils off (solid) and RMP coils on with 1.4kA (dashed), 2.8kA (dotted), 4.2 kA (dash-
dotted) and 5.6kA (x).
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Figure 7. The ballooning mode growth rate of the most unstable mode against
normalized toroidal flux for the case without RMPs applied (solid line); with RMPs
in n = 3 configuration (dash-dot line); and with RMPs applied in n = 6 configuration
(dashed line). The pressure profile in this region is also plotted (dotted line).
are also effected by the edge pressure gradient which is in turn controlled by instabilities
at the edge such as the kinetic ballooning mode (KBM). Infinite n stability is correlated
to KBM stability. However the growth rate of KBMs is less than the infinite n ballooning
modes because of the ion drift resonance and dissipative effects [8]. We will use the
infinite n ballooning mode stability for insight into the stability of peeling-ballooning
modes and KBMs here.
3.1. COBRAVMEC
The stability of these equilibria to infinite n ballooning modes is investigated using
COBRA [21, 25], which uses a fast method to assess stability against ideal infinite n
ballooning modes [26, 27]. The ballooning mode growth rate, normalized to the Alfven
time, has been calculated on a poloidal and toroidal grid on each flux surface and the
maximum value found.
3.2. Stability and coil configuration
Figure 7 shows the ballooning mode growth rates for the most unstable mode calculated
by COBRA for the case with the RMPs applied in n = 3 (dotted line) and n = 6 (dot-
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Figure 8. The ballooning mode growth rate calculated without RMPs applied with
a free boundary (solid line) and a fixed boundary (dashed line).
dash line) and without (solid line). The cases with RMP coils applied has a higher
ballooning mode growth rate at all the normalized toroidal flux locations. The n = 3
case has a higher growth rate because the corrugations are larger for this case.
Figure 8 shows that ballooning mode growth rate without the RMPs applied for
the free boundary equilibrium and a fixed boundary equilibrium. It is known that an
equilibrium produced with a fixed boundary can have slightly different ballooning mode
growth rates than a code produced with a free boundary [28]. This figure shows that
the difference is minimal here.
It is of interest to calculate the effect of the RMP coils in terms of the pressure
change with the RMPs on required to produce the same level of growth and the same
marginal points to the case without RMPs applied. If the pressure is scaled in the free
boundary calculation the size of the plasma corrugation will change and the safety factor
profile may change too, depending on which profiles are kept constant while the pressure
profile is changed. These problems have been removed by taking the full pressure, free
boundary case and then using the boundary from this as a fixed boundary for new cases
with fixed safety factor profile and scaled pressure. Figure 9 shows the ballooning mode
growth rate with different levels of pressure scaling and fixed boundary. The best match
occurs for a pressure scaled to approximately 70% of the original pressure.
3D Equilibrium and stability for MAST 10
0.8 0.85 0.9 0.95 1−0.1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
Normalized toroidal flux
Ba
llo
on
in
g 
m
od
e 
gr
ow
th
 ra
te
, γ
 
τ A
 
 
100%
90%
70%
60%
No RMP
Figure 9. The ballooning mode growth rate calculated for fixed boundary equilibria
with scales values of the pressure 100% (dashed); 90% (dotted); 70 % (dash-dotted);
and 60 % (-x-). The no RMP case is shown with a solid line.
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Figure 10. The ballooning mode growth rate for free boundary equilibria while the
current in the RMP coils is increased 0kA (solid); 1.4kA (dashed); 2.8kA (dotted); 4.2
kA (dash-dotted); and 5.6 kA (-x-).
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3.3. Scan of stability with coil current
Figure 10 shows the ballooning mode growth rate for the free boundary equilibria with
the current in the RMP coils increased in steps of 1.4kA. The higher the current in the
RMP coils the larger the ballooning mode growth rate. The larger RMP coil current
produces large corrugations and so a large change in field line curvature, making the
most unstable modes more unstable.
4. Discussion and Conclusions
We have calculated free boundary equilibria for an experimentally realistic lower single
null plasma using VMEC. We then applied currents in the RMP coils to produce new
equilibria and demonstrated that the plasma gains a midplane displacement of over ±
1cm for the case with the lower RMP coils in n = 3 configuration. The case with the
RMP coils in n = 6 configuration produced a smaller, but still significant, corrugation.
The current in the RMP coils was scanned and a linear relationship between the current
in the coils and the corrugation was found. There was no threshold but this is because
this is an ideal MHD model which assumes the fields are fully penetrated.
We then investigated the infinite n stability of these equilibria. We found that
the application of RMP coils makes the ballooning modes in the edge region more
unstable. There are two possible outcomes from this, as discussed in Chapman et
al [31]. First, as the infinite n ballooning stability is linked to the KBM stability, which
in turn sets the pedestal gradient, we would expect the pedestal gradient to be lower
when RMPs are applied. This has been seen experimentally in MAST [29]. Secondly,
the infinite n ballooning modes may provide insights to the finite n peeling-ballooning
modes which are thought to drive the ELMs. Our results indicate that these modes
too would become more unstable and so ELMs would become more frequent which is
also seen experimentally. The end result of applying RMPs will depend on the relative
strengths of these two effects. If the effect on peeling-ballooning modes is dominant
then ELMs will become more unstable and more frequent. This may be what happens
in ELM mitigation.
This problem has been investigated analytically by Bird and Hegna [30]. In this
work a local equilibrium model was used to assess the effect of three dimensional
perturbations on infinite n ballooning stability. The surfaces were only perturbed on the
order of a few millimeters but a destabilizing effect was observed. The authors found
that the destabilization of infinite n ballooning modes was mostly due to the helical
Pfirsch-Schluter currents, which arise when there is a three dimensional perturbation,
altering the local shear. In our paper the flux surfaces are moved by a centimeter and
so we would expect the change in the curvature of the field lines to be important.
We have used a three dimensional equilibrium model which does not include plasma
flow and assumes nested flux surfaces. This has a number of limitations. First, the
applied fields are assumed to be fully penetrated into the plasma. However, experimental
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observations on lobes at the X-points indicate that there is plasma shielding. Second,
the application of the RMPs has been observed to slow the plasma rotation and in
certain circumstances the plasma stops completely [2]. The quasi-linear MARS-Q code,
for example, is required to model this [12]. Thirdly, no islands can form in VMEC as a
result of the RMPs being applied. There are three dimensional equilibrium codes that
can include magnetic islands such as SPEC [18], SIESTA [19] or HINT2 [20]. We hope
to investigate the use of these codes for MAST in future work.
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